The recently rigorously proved nonperturbative relation u = πi(F − a∂ a F /2), underlying N = 2 SYM with gauge group SU(2), implies the reflection symmetry u(τ ) = u(−τ ). This symmetry is the key point to determine the moduli space of quantum vacua. It turns out that the functions a(u) and a D (u), which we derive from first principles, actually coincide with the solution proposed by Seiberg and Witten. ‡ Work supported by the European Commission TMR programme ERBFMRX-CT96-0045, in which M.M and M.T. are associated to.
The exact results about N = 2 SUSY Yang-Mills obtained by Seiberg and Witten [1] concern the low-energy Wilsonian effective action with at most two derivatives and four fermions. These terms are completely described by the prepotential F whose instanton contributions can be determined by recursion relations [2] . In [3] it has been shown that the relation between F and u = tr φ 2 derived in [2] , is connected to the nonperturbative Renormalization Group Equation.
Related results concern the appearance of the WDVV equation [4, 5] indicating that there are topological structures underlying N = 2 SYM. In [4] it was argued that these aspects are connected to associativity which arises in considering divisors on moduli spaces and therefore to quantum cohomology (see also [6] ).
An interesting point is that Seiberg-Witten theory can be described in the framework of uniformization theory [2, 7] and the related Picard-Fuchs equations [8] . This aspect is also useful in considering the critical curve C = {u|Im a D (u)/a(u) = 0} [1, 7, 9, 10] .
In [11, 12, 13, 14] explicit calculations in the framework of multiinstanton theory have been performed. The aspects concerning integrability have been considered in [15] whereas other related field theoretical structures have been considered in [16] including some generalizations [17] .
All these results are a consequence of the Seiberg-Witten derivation of the low-energy dynamics of N = 2 SYM. An important point is that the relation [2] 
has been proved in the framework of multiinstanton calculations up to two instanton contributions by Fucito and Travaglini [12] and at all orders by Dorey, Khoze and Mattis [13] .
Furthermore, it has ben derived in the framework of superconformal Ward identities by Howe and West [18] proving also its generalization obtained in [19] .
In this letter, we show that the above relation implies the reflection symmetry
This symmetry will be crucial in determining the moduli space of quantum vacua. In particular, it turns out that the functions a(u) and a D (u), which we derive from first principles, actually coincide with those obtained by Seiberg and Witten.
Let us consider the chiral part of the low-energy effective action for N = 2 SYM with gauge group SU (2) . In N = 2 superspace notation the part with at most two derivatives and four fermions reads 1 16π
Im
where F is the prepotential and Ψ is the N = 2 chiral superfield. The effective Θ-angle and gauge coupling constant enter in the effective coupling constant τ = ∂ 2 a F (a) in the form
where a = φ with φ is the scalar component of the chiral superfield. Let us denote by u = tr φ 2 the gauge invariant coordinate for the quantum moduli space of vacua.
The asymptotic expansion of F has the structure [20] 
where Λ is the dynamically generated scale. Another important result in [20] is that actually at least F 1 is nonvanishing. For further purpose we write down the asymptotic expansions
By making some assumptions, Seiberg and Witten argued that the u-quantum moduli space is the thrice punctured Riemann sphere. In particular, in [1] the exact form of the
In [2] it has been shown that the results in [1] imply
This relation will be useful in determining both the quantum moduli space and the functions a(u) and a D (u). The relation (4) has been checked in the framework of multiinstanton calculations up to two instanton contributions in [12] and at all orders [13] . Furthermore, it has ben derived in the framework of superconformal Ward identities in [18] . The fact that (4) is rigorously proved is essential for our construction.
By (2) and (4) it follows that the asymptotic expansion for u = G(a) is
where G k = 2πikF k . Furthermore, by instanton theory [12, 13] we have Re F k = 0.
Differentiating (4) with respect to u we get aa
. This implies that a D and a are linearly independent solutions of a second-order linear differential equation with respect
for some unknown
Inverting (6) we obtain a differential equation for u with respect to a
which implies recursion relations for G k = 2πikF k . The full Seiberg-Witten solution follows from (7) once one proves that
so that Eq. (7) becomes
and by (5) [2]
where n ≥ 0, G 0 = 1/2 and
and by (6) we obtain
where T is the Schwarzian derivative (here
Since τ lives in the upper half plane H (except at the possible singularities where Im τ = 0), the polymorphic function τ (u) = ∂ u a D /∂ u a may be seen as the inverse of the uniformizing coordinate u : H → Σ where Σ is the u-moduli space. From the monodromy transformation properties of τ (u) we know that Σ ∼ = H/Γ where Γ is the uniformizing group to be determined.
We now observe that the structure of the quantum moduli space comes from the physical role of u. For each value of u, that is for each choice of representation of the vacuum (which fixes the Hilbert space of states), we should determine the functions a(u) and a D (u).
Therefore, one has to consider the theory for each value of u ∈ C = C ∪ {∞}. In this context, by 'singularities' we mean the values of u which cause non trivial monodromies for a(u) and a D (u). Geometrically this means that the u-space is the Riemann sphere C with n-punctures. Therefore, the unique non-trivial topological complications that we can expect are those induced from some particular value of u. In this context we observe that singularities imply symmetries. Actually, from the above discussion it follows that 
In the following we will prove that the number of punctures is 3 and will determine a(u) and a D (u) explicitly.
Since the F k 's are purely imaginary, it follows by (3) that τ (a) = −τ (ā), so that a(τ ) = a(−τ ) and by (5) we have the reflection symmetry
which is crucial for our construction.
Let us now recall the action of the classical U(1) R symmetry: Ψ → e 2iα Ψ, θ → e iα θ.
Since d 2 θ → e −2iα d 2 θ, it follows that it is a symmetry of (1) if F (Ψ) → e 4iα F (Ψ). This continuous symmetry is broken by instanton contributions to a Z 8 symmetry for F /Ψ 2 , so that α = πn/4, n ∈ Z. However the one-loop correction implies that
which gives τ → τ − n. On the other hand, from the structure of the asymptotic expansion for F and by (4), it follows that F → e πin F − e πin n 2 Ψ 2 , corresponds to u → e πin u. Since from multiinstanton calculations both F 1 and F 2 are nonvanishing [20, 12] , we can exclude higher-order symmetries coming from the original U(1) R invariance. Now observe that under this transformation τ → τ − n, so that
By asymptotic analysis we already know that there is a puncture at u = ∞. Let us denote other possible punctures by u k , and set τ k = τ (u k ), k = 1, ..., n−1, corresponding to the image of the punctures in a given fundamental domain in H. As well known from uniformization theory, these correspond to points on the real axis, the boundary of H. Therefore Im τ k = 0.
Being u(τ + 2) = u(τ ), it follows that the width of the fundamental domain is 2. Let us denote by F the fundamental domain in H which has non empty intersection with the imaginary axis. We also denote by τ (0) the image of the point u = 0 in F . We fix F by requiring that Re τ (0) > 0. If τ (0) belongs to the boundary ∂F of F , then there is another
Note that in this way we fix F uniquely.
For further purpose we extend the definition of τ k , to any k ∈ Z, by setting
and require τ k+1 > τ k . We also set τ 1 > 0 and fix it as the nearest cusp to τ = 0.
Let us set G = ∪ k∈Z F (n) where F (n) is a obtained from F by shifting its points by 2n. We also denote byḞ the interior of F . Other informations about the shape of the fundamental domain, arise by considering the values of τ (u = 0). Note that by construction τ (0) is the nearest point to the imaginary axis between the image of u = 0 in G.
Observe that by (13) and (15) 
We now show that this implies that u = 0 cannot be a puncture and that Re τ (0) = 1/2.
First of all observe that
is excluded by the one-to-one nature of the covering. For the same reason τ (0) is neither the image of a puncture nor belongs to the part of the boundary of F corresponding to a vertical line. Hence, τ (0) can be only on the half-circles corresponding to the Poincaré geodesic connecting the cusps. Reflection symmetry and the fact that u(τ + 1) = −u(τ ) imply 2Re τ (0) = 1, that is
Let us now find the image of the points Im u = 0 in G. Reflection symmetry implies that for Re τ = 0, u is real. Since u(τ + 1) = −u(τ ), it follows that the lines Re τ ∈ Z belongs to Im u = 0. A similar reasoning in the case of Re u = 0 gives Re u(Re τ = k + 1/2) = 0, k ∈ Z.
Summarizing, we have
Now observe that from the above construction it follows that the points τ (u = 0) correspond to the end-points of the vertical lines in G which are the images of the locus Re u = 0. Let us denote these vertical lines by V k+1/2 , k ∈ Z. Since holomorphicity of F implies holomorphicity of τ (u), it follows that the angles on the u-space are preserved on the fundamental domain, except at the possible punctures. As u = 0 is not a puncture, for each k ∈ Z, the vertical line V k+1/2 is perpendicular at the image in G of the curve Im u = 0 at the point 
since cusps belong to the boundary, it follows that the punctures are real, that is
Using
Considering the above definition of τ 1 we have
and the number of punctures is therefore 3.
Therefore, we have shown that the u-space is the Riemann sphere with punctures at the points u 1 , u 2 = −u 1 and ∞. As well known this surface is uniformized by Γ(2). In order to find the value of u 1 and the explicit form of the functions a(u) and a D (u) we follow [2] by first considering the explicit expression of T (u) = {τ, u}. In particular, for a n-punctured
Riemann sphere with a puncture at infinity
where the c i 's, called accessory parameters, satisfy the constraints
In our case n = 3, so that c 1 = −c 2 = 1/4, and Eq. (11) 
which is solved by Legendre functions. This fact and asymptotic analysis imply [2] a D (u, Λ) =
which actually coincide with the solution proposed by Seiberg and Witten [1] . Observe that by (25) we solve the question in the footnote as p = 1.
